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Abstract

In this note, we generalize the inequality about the trace of positive

semidefinite matrix R R
trAB < (trAP)? (trB%)a
and L L A
{(tr(A4 B)")» < (trAP)* + (trB”)?>,

which are due to J.R.Magnus, to Hilbert space, and obtain several relevant
inequalities about positive trace class operator.
Key Words: Hilbert space, Holder’s inequality, Minkowsky’s inequality.

1 Introduction

Since R.Bellman posed two conjectures on the matrix trace inequality in 1980,
many authors have been discussing and gaining inequalities of this type. Matrix
can be regarded as an operator in finite Hilbert space, so generalizing matrix
trace inequalities to trace class operator inequalities must be meaningful. For
related works the reader can refer to [1] and [2]. In this paper, we generalize two
matrix trace inequalities to Hilbert space, and obtain severa)] relevant inequal-
ities about positive trace class operator. Denote by B(H) the set of all bound
linear operators of an infinite separable Hilbert space. Let A € B (H) be a com-
pact operator. If 3°7°, s;(A) < oo, where s;(A) > s3(4) > --. > sn(4) > -
are the singular values of A, that is, the eigenvalues of |A] = (A*A)Z, then
A is called a trace class operator. The trace of A is denoted by trA and the
set of all trace class operator is denoted by Bj(H). Let A ¢ Bi(H), then
lAll: = 3272, si(A) is called the trace norm of A. We know that if A is positive
in Bi(H), then A = Yoo, 8i(A)e; ® &, where e; is the relevant eigenvector of

2 Lemmas

Lemma 2.1 (3] Let A, B are positive semidefinte Hermitians. Then

trAB < (trAP)» (trB7)%, (2.1)



wherez—l)+%=1,p>1.

Lemma 2.2 If A;,B;,i=1,--- ,k are positive semidefinite Hermitians, then
trZAB <(trZA”% Z )4, (2.2)
=1

wher‘el—kl—l p>1

Proof. By Lemma 2.1, tr Z A;B; = Z trA;B; < Z(trAp)%(tqu)%
=1 =1 i=

?T'

(:thrAf)F(_zzltrBf)% = (tr _EAf)F(tr;Bg)%, “

Lemma 2.3 [4] Let S € B(H) and T € By(H). Then |TS|l1 < ||IT|1||S)| and
18Tl < IISINIT )

Lemma 2.4 [3| Let A, B are positive semidefinte Hermitians. Then

(tr(A+ B)P)» < (trAP)% + (trBP)%, (2.3)
where p > 1.
Lemma 2.5 Let A;, B;,i=1,--- |k are positive semidefinte Hermitians. Then
k 1 k 1
(tr) (Ai+ Bi)P)r < (trZAp )% +(tr Y BP)s, (2.4)
i=1 =1
where p > 1.
k k R
Proof. By Lemma 2.4, (tr 3" (A; + Bi)P)» = (3 tr(A; + B;)?)? <
z=1 =1
L 1 1 1
(3 ((trAD)7 + (erBY)P)P)e < z At + (3 Bl
i=1 i=1

k k
=(tr Y, AP)% +(tr 3 BP)+ O
i=1

i=1

3 Main results
Theorem 3.1 If A, B € B(H) are positive, then
trAB < (tr AP)» (trB%)%, (3.1)

wherel+1 =1,p>1.

Proof Let A=737 si(Ae; @€ and B = Y. 5,(B)g; @ Gi. We write
A =30 si(A)e; @F, By =Y 1, 5:(B)gi ®F and M, = = span{er, - ,e,,
g1, - ,gn} Let P, be the projection from H to My, and A, =P AP, B, =

P,BP,. Obviously, A, and B, are positive semidefinite matrices over C and



[ 4all < Al |Brll < |BJl. Since |le; @ &lly = 1, by Lemma 3, we have ||A —
Ay < A=Al An=Anll = 15041 si(A)e@]+| Yimna1 Si(A)Pulei®
€)Palls < Xiingy 8i(A) + Eimng si(A) = 23001 8i(4) — 0, (n — o0)

Since ltr A—trA,| < |A—A.|l1 — 0, (n — oc), we have |tr AP—trA,"| —
0,(n — o0), and so I(trAp)% - (trA_np)%l — 0,(n — o0).

Similarly, |(trBP)? — (trBn")¥| — 0, (n — o0).

Thus ;(trAP)*(ter)%—(trA_ Yo (trBaT)7| < (trAP)s|(trBP) s —(tr Byt )7 |+
trB," ) |(t’I‘Ap)P — (trA,"” ) | —0,(n — 20), i.e.,

(trA,)s (trBy" ) — (trAP)s (trBP)# , (n —> 00). (3.2)

Since | AB — A By li < | Al [|B = Balls + 1A = A1 || Bll — 0, (n — o0).
We see that

trAptrB, — trAB(n — o). (3.3)
By Lemma 2.1, combining (3.2) and (3.3), we get trAB < (trA”)%(tqu)%.
This completes the proof. O
Theorem 3.2 If A;,B;,i=1,--- ,k € By(H) are positive, then

k k k
try AB; < (try AD)7(tr > BY), (3.4)
=1 i=1 =1

where%+% =1,p>1.

Proof. Let Ain = 3°7_, 8j(Ai)es; @ &5 e”, B, = 37_15i(B)gi; ® i; and
M, = span{ei1,  ,€in, i1, yGin},t = 1, k. Let P;, be the projection
from H to M;,, and Ain = P APy, By, = PinBiP;,. By theorem 8.1, it

1 k 1 k 1
suffices to show Z(trAp) (trBf)s < (tr E APy (tr Z BI)a. And it is easy

i=1

1

k
to find that Z(trAm Yo (trBim®)1 — Z (trAP)# (trBY)v and

1 k 1
(tr Z Am ) (¢r Z Bm )‘1 — (tr Z )E(tr > Bf)a,(n — 00). Thus the

i=1 i=1 :
pmof is complete El

In almost a similar manner, we can show the following theorems.
Theorem 3.3 Let A, B € Bi(H) are positive. Then
(tr(A+ B)P)% < (trAP)% + (trBP)7, (3.5)
where p > 1.
Theorem 3.4 Let A;,B;,i = 1,--- ,k € B1(H) are positive semidefinte Her-
mitians. Then

k k
1

(tr > (Ai+ Bi)P)r < (tr Y AD)S + trZBpE (3.6)

i=1 i=1 =1

where p > 1.
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