
§2.15. Harmonic Functions 
 
1. Definition of an harmonic function 

A real-valued function H  of two real variables x  and  is said to be harmonic in a 
given domain of the 

y
xy  plane if it has continuous partial derivatives of the first and second order 

and satisfies the Laplace’s equation 
0),(),( =+ yxHyxH yyxx ,               (2.15.1) 

throughout that domain. 
Example 1. It is easy to verify that the function  is harmonic in any 

domain of the 
xeyxT y sin),( −=

xy  plane and, in particular, in the semi-infinite vertical strip 0,0 ><< yx π . It 
also assumes the values on the edges of the strip that are indicated in Fig. 2-15. More precisely, it 
satisfies all of the conditions 

0),(),( =+ yxTyxT yyxx , 0),(,0),0( == yTyT π , 

0),(lim,sin)0,( ==
∞→

yxTxxT
y

, 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
which describe steady temperatures  in a thin homogeneous plate in the ),( yxT xy  plane that 
has no heat sources or sinks and is insulated except for the stated conditions along the edges. 

 

Fig. 2-15

Theorem 2.15.1. If a function ),(),()( yxivyxuzf +=  is analytic in a domain D , then 
its component functions  and  are harmonic in u v D . 
    Example 2. The function  

xiexezf yy cossin)( −− −=  
is entire, as is shown in Exercise , Sec. 2.14. Hence its real part, which is the temperature 

function  in Example 1, must be harmonic in every domain of the 

)(1 c
xeyxT y sin),( −= xy  

plane. 
Example 3. Since the function  is analytic whenever 2/)( zzzf = 0≠z  and since 
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the two functions 
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are harmonic throughout any domain in the xy  plane that does not contain the origin. 
2. Definition of a harmonic conjugate 



 If two given functions  and v  are harmonic in a domain u D  and their first-order partial 
derivatives satisfy the Cauchy-Riemann equation (2.15.2) throughout D , then  is said to be a 
harmonic conjugate of .  

v
u

Theorem 2.15.2. A function ),(),()( yxivyxuzf +=  is analytic in a domain D  if and 
only if  is a harmonic conjugate of . v u

Example 4. Suppose that 
22),( yxyxu −=  and xyyxv 2),( = . 

Since these are the real and imaginary components of the entire function , respectively,  
we know that  is a harmonic conjugate of u  throughout the plane. But u  cannot be a 
harmonic conjugate of  since, as verified in Exercise , Sec. 2.14, the function 

2)( zzf =
v

v )(2 b
)(2 22 yxixy −+  

is not analytic anywhere.  
Example 5. We now illustrate one method of obtaining a harmonic conjugate of a given 

harmonic function. The function 
yxyyxu 23 3),( −=                  (2.15.5) 

is readily seen to be harmonic throughout the entire xy  plane. Suppose that  is a harmonic 
conjugate of . Then by means of the Cauchy-Riemann equations, we see that 

v
u

xyyx vuvu −== , .                  (2.15.6) 

The first of these equations tells us that xyyxvy 6),( −= . Holding x  fixed and integrating 
each side here with respect to , we find that y

)(3),( 2 xxyyxv φ+−= ,                (2.15.7) 
where φ  is, at present, an arbitrary differentiable function of x . Using the second of equations 

(2.15.6), we have , and so . Thus , 
where  is an arbitrary real number. According to equation (2.15.7), then, the function 

)(333 222 xyxy φ′−=− 23)( xx =′φ Cxx += 3)(φ
C

Cxxyyxv ++−= 323),(                (2.15.8) 
is a harmonic conjugate of . The corresponding analytic function is ),( yxu

)3()3()( 3223 Cxxyiyxyzf ++−+−= .        (2.15.9) 

The form  of this function is easily verified and is suggested by noting that 

when , expression (2.15.9) becomes . 

)()( 3 Czizf +=
0=y )()( 3 Cxixf +=
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§2.15. Harmonic Functions


1. Definition of an harmonic function

A real-valued function 
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 of two real variables 
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 is said to be harmonic in a given domain of the 
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 plane if it has continuous partial derivatives of the first and second order and satisfies the Laplace’s equation
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throughout that domain.

Example 1. It is easy to verify that the function 
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 is harmonic in any domain of the 
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 plane and, in particular, in the semi-infinite vertical strip 
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. It also assumes the values on the edges of the strip that are indicated in Fig. 2-15. More precisely, it satisfies all of the conditions
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which describe steady temperatures 
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 in a thin homogeneous plate in the 
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 plane that has no heat sources or sinks and is insulated except for the stated conditions along the edges.


Theorem 2.15.1. If a function 
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    Example 2. The function 




[image: image19.wmf]x


ie


x


e


z


f


y


y


cos


sin


)


(


-


-


-


=




is entire, as is shown in Exercise
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Example 3. Since the function 
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the two functions
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are harmonic throughout any domain in the 
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 plane that does not contain the origin.


2. Definition of a harmonic conjugate


 If two given functions 
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 and their first-order partial derivatives satisfy the Cauchy-Riemann equation (2.15.2) throughout 
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Theorem 2.15.2. A function 
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Example 4. Suppose that
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Since these are the real and imaginary components of the entire function 
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is not analytic anywhere. 


Example 5. We now illustrate one method of obtaining a harmonic conjugate of a given harmonic function. The function
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is readily seen to be harmonic throughout the entire 
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. Then by means of the Cauchy-Riemann equations, we see that
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The first of these equations tells us that 
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where 
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 is, at present, an arbitrary differentiable function of 
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is a harmonic conjugate of 
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The form 

[image: image66.wmf])


(


)


(


3


C


z


i


z


f


+


=


 of this function is easily verified and is suggested by noting that when 

[image: image67.wmf]0


=


y


, expression (2.15.9) becomes 

[image: image68.wmf])


(


)


(


3


C


x


i


x


f


+


=


.


�











_1271875574.unknown



_1271875590.unknown



_1271875598.unknown



_1271875602.unknown



_1271875606.unknown



_1271875608.unknown



_1271875609.unknown



_1271875610.unknown



_1271875607.unknown



_1271875604.unknown



_1271875605.unknown



_1271875603.unknown



_1271875600.unknown



_1271875601.unknown



_1271875599.unknown



_1271875594.unknown



_1271875596.unknown



_1271875597.unknown



_1271875595.unknown



_1271875592.unknown



_1271875593.unknown



_1271875591.unknown



_1271875582.unknown



_1271875586.unknown



_1271875588.unknown



_1271875589.unknown



_1271875587.unknown



_1271875584.unknown



_1271875585.unknown



_1271875583.unknown



_1271875578.unknown



_1271875580.unknown



_1271875581.unknown



_1271875579.unknown



_1271875576.unknown



_1271875577.unknown



_1271875575.unknown



_1271875558.unknown



_1271875566.unknown



_1271875570.unknown



_1271875572.unknown



_1271875573.unknown



_1271875571.unknown



_1271875568.unknown



_1271875569.unknown



_1271875567.unknown



_1271875562.unknown



_1271875564.unknown



_1271875565.unknown



_1271875563.unknown



_1271875560.unknown



_1271875561.unknown



_1271875559.unknown



_1271875550.unknown



_1271875554.unknown



_1271875556.unknown



_1271875557.unknown



_1271875555.unknown



_1271875552.unknown



_1271875553.unknown



_1271875551.unknown



_1271875546.unknown



_1271875548.unknown



_1271875549.unknown



_1271875547.unknown



_1271875544.unknown



_1271875545.unknown



_1271875543.unknown



