§3.6. Trigonometric Functions

1.Definition of sine and cosine functions of a complex variable
The sine and cosine functions of a complex variable z as follows:

) iz _e—lz eiz +67
sinz=———, cosz=——, VzeC. (3.6.1)
2i 2

iz

These functions are entire since they are linear combinations of the entire functions e” and e ”.
Knowing the derivatives of those exponential functions, we find from equations (3.6.1) that

d . d .
—sinz=cosz, —cosz=-sinz, VzeC. (3.6.2)
Z Z
It is easy to see that
sin(—z) =—sinz and cos(—z)=cosz, VzeC,; (3.6.3)

and a variety of other identities from trigonometry are valid with complex variable.
Example. In order to show that

2sinz, cosz, =sin(z, +z,) +sin(z, —z,), Vz,z,€C,  (3.6.4)
using definitions (3.6.1) and properties of the exponential function, we first write
iz

) —iz; izy —iz,
. e —e e’ +e
2sinz,cosz, =2 : .
2i 2

Multiplication then reduces the right-hand side here to
ef(zlJrZz) _ e*i(zﬁzz) ef(21*22) _ e*i(z1*22)
. + . )
2i 2i
thatis, sin(z, +z,)+sin(z, —z,); and identity (3.6.4) is established.
2.Useful eqautions

sin(z, +z,) =sinz, cosz, +€0sz, sSInz,, (3.6.5)
cos(z, +z,) =cosz, cosz, —sinz, sinz, (3.6.6)
sinz+cos’z=1, (3.6.7)
sin2z = 2sinzcosz, cos2z =cos’ z—sin’ z, (3.6.8)
. Vd . T
sm(z + E) =cosz, sm(z - Ej =—C0Sz. (3.6.9)
sin(iy) =isinh y and cos(iy) =cosh y, (3.6.10)
. e’ —e”’ e’ +e”
where sinh y =—— coshy =——
2 2
sin z = sin x cosh y +icos xsinh y, (3.6.11)
cos z = cos xcosh y —isin xsinh y, (3.6.12)
where z=x+1iy.
sin(z+2x)=sinz, sin(z+7)=-sinz, (3.6.13)
cos(z+2m)=cosz, cos(z+w)=—cosz. (3.6.14
|sin z|2 =sin’ x +sinh’ y, (3.6.15)
|cosz|2 =cos’ x+sinh’ y. (3.6.16)

3.Definition of zero of an analytic function

A zero of an analytic function f isanumber z, suchthat f(z,)=0.
sinz=0 ifandonlyif z=nx(n=0,%1,+2,...),

cosz=0 ifandonly if z:§+n7r(n:0,i1,i2,...).



4.Definitions of other trigonometric functions

sin z CcoSz
tanz = , cotz =— .
CcoSz sin z
1
secz = , CSCz =— .
CcoSz sin z

5. Derivatives of other trigonometric functions

2 d 2
—tanz=sec”z, —cotz=—csc” z,
Iz dz

dz dz

d
—sSecz=secztanz, —cCsSCz=-—csczcotz.

(3.6.17)

(3.6.18)

(3.6.19)

(3.6.20)
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§3.6. Trigonometric Functions

1.Definition of sine and cosine functions of a complex variable


The sine and cosine functions of a complex variable 
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These functions are entire since they are linear combinations of the entire functions 
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It is easy to see  that 
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and a variety of other identities from trigonometry are valid with complex variable.


Example. In order to show that 
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using definitions (3.6.1) and properties of the exponential function, we first write


     

[image: image15.wmf]÷


÷


ø


ö


ç


ç


è


æ


+


÷


÷


ø


ö


ç


ç


è


æ


-


=


-


-


2


2


2


cos


sin


2


2


2


1


1


2


1


iz


iz


iz


iz


e


e


i


e


e


z


z


.


Multiplication then reduces the right-hand side here to 




[image: image16.wmf]i


e


e


i


e


e


z


z


i


z


z


i


z


z


i


z


z


i


2


2


)


(


)


(


)


(


)


(


2


1


2


1


2


1


2


1


-


-


-


+


-


+


-


+


-


,


that is, 
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; and identity (3.6.4) is established.


2.Useful eqautions
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where 
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where 
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3.Definition of zero of an analytic function 

A zero of an analytic function 
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4.Definitions of other trigonometric functions
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5. Derivatives of other trigonometric functions
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