§5.5. Examples

The coefficients in Laurent series are generally found by means other than by appealing directly to
their integral representation. This is illustrated in the examples below, where it is always assumed
that, when the annular domain is specified, a Laurent series for a given function is unique. As was
the case with Taylor series, we defer the proof of such uniqueness until Sec. 5.8.

Example 1. Replacing z by 1/z in the Maclaurin series expansion

o 2 3
z z z° z
7 = —=l+—F—+—+- (|Z|<Oo)’
~ n! I 2 3
we gave the Laurent series representation of the function f(z) = e’
I | 1 1 1
ol = =1y —+ St (O<|z|<oo).
onlz 1z 21z 3!z

Note that no positive powers of z appear here, the coefficients of the positive powers being
zero. Note, too, that the coefficient of 1/z is unity; and, according to Laurent’s theorem in Sec.
5.4, that coefficient is the number

_ 1 1/z
bl = 2_1ﬂ-[Ce dz )

where C is any positively oriented simple closed path around the origin. Since b, =1, then,
Ie”zdz =27i.
c
This method of evaluating certain integrals around simple closed paths will be developed in
considerable detail in Chap. 6.
Example 2. The function f(z)=1/(z—i)> is already in the form of a Laurent series,
where z, =i . Thatis,

f(2)= icn (z=i)"  (0<|z—i]<o0),

where ¢_, =1 and all of the other coefficients are zero. From formula (5.4.5), Sec. 5.4, for the
coefficients in a Laurent series, we know that
1 dz

ch = j -~ n+3
2niYC (z 1)

where C is, for instance, any positively oriented circle |Z—i| =R about the point z, =1i.

(n=0,+1,12,...),

Thus (compare Exercise 10, Sec. 4.5)
J- dz 0, whenn # -2,
c (Z _ l-)n+3

Example 3. The function

2mi, whenn=-2.

-1 1 1
f(Z) = = - >
(z=1D)(z-2) z-1 z-2
which has the two singular points z=1 and z = 2, is analytic in the domains
lz|<1, 1<|z|<2,and 2<|z| <.

(5.5.1)

In each of those domains, denoted by D,,D,, and D,, respectively, in Fig. 5-5, f(z) has
series representations in powers of z . They can all be found by recalling from Example 4, Sec.
5.3, that

1 S n
I_Z:nZ:(;z (2 <D).




Fig. 5-5

The representation in D, is a Maclaurin series. To find it, we write

11
f()_l— 212G

and observe that, since |Z| <1 and |z/ 2| <l in D,

f(z)= ZZ +22n+1 —i(z-n-‘ -Dz" (7 <D). (55.2)

n=0

As for the representation in D2 , We write

111
A Ty A e

Since |1/Z| <1 and |Z/2| <1 when 1< |Z| < 2, it follows that

(Z) Z n+1 + Z 2n+1 (1 < |Z| < 2) :

n=0

If we replace the index of summation n in the first of these series by n—1 and then
interchange the two series, we arrive at an expansion having the same form as the one in the
statement of Laurent’s theorem (Sec. 5.4):

f(z)= sz zin (1<l <2). (5.5.3)

n=1 2

Since there is only one such representation for f(z) in the annulus 1<|Z|<2, expansion
(5.5.3) is, in fact, the Laurent series for f(z) there.

To obtain the representation of f(z) in the unbounded domain D;, we put expression
(5.5.1) in the form

| 11
/@)= 21 (1/2) z 1-(2/z2)

and observe that |1/Z| <1l and 1< |Z| <2 when 2< |Z| < o0, we find that

0 o0 n

f(z)=Z:;,Z S LY <<,

n=0 Z n=0 Z
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§5.5. Examples


The coefficients in Laurent series are generally found by means other than by appealing directly to their integral representation. This is illustrated in the examples below, where it is always assumed that, when the annular domain is specified, a Laurent series for a given function is unique. As was the case with Taylor series, we defer the proof of such uniqueness until Sec. 5.8.


Example 1. Replacing 
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we gave the Laurent series representation of the function 
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Note that no positive powers of 
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where 
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 is any positively oriented simple closed path around the origin. Since 
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This method of evaluating certain integrals around simple closed paths will be developed in considerable detail in Chap. 6.


Example 2. The function 
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where 
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Example 3. The function 


   

[image: image25.wmf]2


1


1


1


)


2


)(


1


(


1


)


(


-


-


-


=


-


-


-


=


z


z


z


z


z


f


,             (5.5.1)


which has the two singular points 
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In each of those domains, denoted by 
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The representation in 
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and observe that, since 

[image: image40.wmf]1


<


z


 and 

[image: image41.wmf]1


2


/


<


z


 in 

[image: image42.wmf]1


D


,




[image: image43.wmf]å


å


å


¥


=


-


-


¥


=


+


¥


=


-


=


+


-


=


0


1


0


1


0


)


1


2


(


2


)


(


n


n


n


n


n


n


n


n


z


z


z


z


f


 

[image: image44.wmf])


1


(


<


z


.       (5.5.2)


As for the representation in 
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If we replace the index of summation 
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Since there is only one such representation for 
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Fig. 5-5
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