§3.7. Hyperbolic Functions

1.Definitions of hyperbolic functions
The hyperbolic sine and the hyperbolic cosine of a complex variable are defined as t

. e —e
sinhz = —2 , coshz =

V4

e +e
2

2. Derivatives of hyperbolic functions

isinhz =coshz, icoshz =sinhz,
dz dz

3.Useful equations

—isinh(iz) =sinz, cosh(iz)=cosz,
—isin(iz) =sinh z, cos(iz) =coshz.
sinh(—z) =—sinh z, cosh(—z)=coshz.
cosh? z—sinh?z =1,
sinh(z, +z,) =sinhz, coshz, +coshz, sinhz,,
cosh(z, +z,)=coshz coshz, +sinhz sinhz,
sinh z = sinh xcos y +icosh xsin y,
cosh z =coshxcos y +isinh xsin y,
. 2 . .
|smh z| =sinh? x +sin” v,
2 .
|cosh Z| =sinh? x + cos’ v,
where z=x+iy.
. 2 . N
|smh z| = |sm(—y + zx)| ,
where z=x+1y.

|sin(x+iy)|2 =sin’ x+sinh” y.
sinhz=0 if and only if z=nz(n=0,%1,£2,...)

coshz=0 ifandonlyif z= (%+n7z)i (n=0,21,%2,..).

4.Definition of other hyperbolic function

sinh
tanh z = z

cosh z

itanh z =sech’z, icoshz =—csch’z,
dz dz

—sechz = —sechz tanh z, i cschz = —cschz coth z.
dz dz

§3.8. Inverse Trigonometric and Hyperbolic Functions

1.Definitions of inverse trigonometric functions

sin”' z = —iLog[iz + (1-z*)"?].

Example. Expression (3.8.2) tells us that
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sin~'(—i) = —iLog(1+~/2).
But
Log(1++2)=In(1+~2)+2nm (n=0,+1,+2,..)
and
Log(1-+2)=In(\2 -1+ 2n+ D (n=0,£1,+2,...).

1
Si 1nﬁ—1 =In :—lnl+\/§,
ince In( ) 1+\/§ ( )

Then, the numbers
()" In(1+~2)+nm (n=0,+1,+2,...)
constitute the values of Log(l £ V2 ) . Thus, in rectangular form,
sin™' (i) = nz +i(=1)"" In(1+ \/5) (n=0,£1,1£2,...).
cos' z=—iLog[z +i(1-2z")"?] (3.8.3)
i+z

(3.8.4)

tan”' z =iLog .
2 i—z

2. Derivatives of inverse trigonometric functions

1

.l

—Sn z=——-—-,

dZ (1_22)1/2

—cos'z= -1

dZ (1_22)1/2

. 1
—tan z= >
Iz 1+z

3. Derivatives of inverse hyperbolic functions

sinh™ z = Log[z + (z> +1)"?],
cosh™ z=Log[z + (z> - 1)""?]
1+z

tanh™' z = lLog .
2 -z
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§3.7. Hyperbolic Functions

1.Definitions of hyperbolic functions

The hyperbolic sine and the hyperbolic cosine of a complex variable are defined as t
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2. Derivatives of hyperbolic functions
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3.Useful equations
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where 
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where 
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4.Definition of other hyperbolic function
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§3.8. Inverse Trigonometric and Hyperbolic Functions

1.Definitions of inverse trigonometric functions
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Then, the numbers
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constitute the values of 
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2. Derivatives of inverse trigonometric functions
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3. Derivatives of inverse hyperbolic functions
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