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§5.10. Multiplication and Division of Power Series

Suppose that each of the power series
D a,(z—z)" and D b,(z—z,)" (5.10.1)
n=0 n=0

converges within some circle |Z—ZO|:R. Their sums f(z) and g(z),

respectively, are then analytic functions in the disk |Z - ZO| < R (Sec. 5.8), and the

product of those sums has a Taylor series expansion which is valid there:
f(2)g(2)=)c,(z=2)"  (z-2z]|<R). (5.10.2)
n=0

According to Theorem 5.9.1 in Sec. 5.9, the series (5.10.1) are themselves
Taylor series. Hence the first three coefficients in series (5.10.2) are given by the

equations
¢y = f(20)8(20) = apby ,
. f(zo)g'(zo);f'(zo)g(zo) _ab tab
and |
c, = f(z0)g"(zy) + 2f’(202)'g’(zo)+f”(zo)g(zo) =a,b, +ab, +a,b,.

The general expression for any coefficient ¢, is easily obtained by referring to

Leibniz’s rule (Exercise 6)

n

[f(2)g(2)]" = Z(Z] FP(2)g" P (2), (5.10.3)

=0

n n!
where =—— (k=0,1,2,...,n), for the nth derivative of the product

k) kl(n-k)!
of two differentiable functions. As usual, f”(z)= f(z) and 0!=1.Evidently,

1 0(z) g0 () <
c = . = a b 5
=2 k! (n—k)! 2 b

k=0 k=0
and so expansion (5.10.2) can be written

f(2)g(z)=ayb, +(a,b, +ab,)(z - z,)
+(ayb, + a,b, + a,b,)(z - ZO)2 +ee




+(iakbnkj(z—zo)” 4. (|z—zo|<R). (5.10.4)
k=0

Series (5.10.4) is the same as the series obtained by formally multiplying the
two series (5.10.1) term by term and collecting the resulting terms in like powers of

z — z,; it is called the Cauchy product of the two given series.

Examplel. The function e’ /(14 z) has only a singular point at z=—1,
and so its Maclaurin series representation is valid in the open disk |Z| < 1. The first
three nonzero terms are easily found by writing

e 1

z

=e
l1+z 1-(-2)

:(1+z+%zz+éz3+-~-j(1—z+22—z3+--~)

and multiplying these two series term by term. To be precise, we may multiply each
term in the first series by 1, then each term in that series by —z, etc. The following
systematic approach is suggested, where like powers of z are assembled vertically
so that their coefficients can be readily added:

1424122 +éz3+~--

SR R
—z—z ——Z ——z —--

6

-z’ -z =z =z -
2 6
The desired result is
e’ 1 , 1 4
=l+—z"——z" +--- zl<1). 5.10.5
l+z 2 3 (|| ) ( )

Continuing to let f(z) and g(z) denote the sums of series (5.10.1),
suppose that g(z)# 0 when |Z—ZO|<R. Since the quotient f(z)/g(z) is

analytic throughout the disk |Z - Zo| < R, it has a Taylor series representation

%zgdn(z—zo)" (z—z|<R), (5.10.6)



where the coefficients d, can be found by differentiating f(z)/g(z)

successively and evaluating the derivatives at z = z,,. The results are the same as

those found by formally carrying out the division of the first of series (5.10.1) by the
second.

Example 2. As pointed out in Sec. 3.7, the zeros of the entire function sinh z
are the numbers z=nxi(n=0,1,2,...). So the quotient

I 1 I
=73 s 5.10.7
Zsinhz 2 (1+22/3!+z4/5!+---] (5.10.7

has a Laurent series representation in 0 < |Z| < 7r . The denominator of the fraction

in parentheses on the right-hand side of (5.10.7) is a power series that converges to
(sinhz)/z when z#0 andto 1 when z=0. A power series representation of
the fraction can be found by dividing the series into unity as follows:

l—lzz+ lz—l 2t +
3! 3hH” 5!

1+—zz+lz4+~-) 1
3! 5!

1+l Lol

3! 5!
_lzz_ lz4+...
3! 5!
1, 1 .
_72 — 72 —_
3! (3"’

Lo _ Ll
GY? 5!

b1y
(B2 5!

1 1, 1 4
5 Z =l-—z"+ s—— |z +
1+z7 /342" /5 3! (€1 Y

Thus,

Hence

1 111 7
- oy O<lzl< 7). 5.10.9
Zsinhz 2 6 z 360 O<ld<m G109
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§5.10. Multiplication and Division of Power Series 


Suppose that each of the power series 
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converges within some circle 
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 (Sec. 5.8), and the product of those sums has a Taylor series expansion which is valid there:
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According to Theorem 5.9.1 in Sec. 5.9, the series (5.10.1) are themselves Taylor series. Hence the first three coefficients in series (5.10.2) are given by the equations
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The general expression for any coefficient 
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where 
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and so expansion (5.10.2) can be written
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Series (5.10.4) is the same as the series obtained by formally multiplying the two series (5.10.1) term by term and collecting the resulting terms in like powers of 
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Example1. The function 
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and multiplying these two series term by term. To be precise, we may multiply each term in the first series by 1, then each term in that series by 
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The desired result is 
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Continuing to let 
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where the coefficients 
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Example 2. As pointed out in Sec. 3.7, the zeros of the entire function 
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has a Laurent series representation in 
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Thus, 




[image: image57.wmf]L


L


+


ú


û


ù


ê


ë


é


-


+


-


=


+


+


+


4


2


2


4


2


!


5


1


)


!


3


(


1


!


3


1


1


!


5


/


!


3


/


1


1


z


z


z


z


.


Hence 
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