
§8.4. Affine Transformations 
 
To study the mapping 

Azw = ,                         (8.4.1) 
where A  is a nonzero complex constant and 0≠z , we write A  and  in exponential form: z

αiaeA = , . θirez =
Then 

)()( θα+= iearw ,                      (8.4.2) 
and we see from equation (8.4.2) that transformation (8.4.1) expands or contracts the radius vector 
representing  by the factor  and rotates it through an angle z || Aa = Aarg=α  abount the 
origin. The image of a given region is, therefore, geometrically similar to that region. In this sence, 
we call (8.4.1) a similarity.  

The mapping 
Bzw += ,                        (8.4.3) 

where B  is any complex constant, is a translation by means of the vector representing B . That 
is, if we write 

ivuw += , iyxz == , and 21 ibbB += , 
then the image of any point  in the  plane is the point ),( yx z

),(),( 21 bybxvu ++=                   (8.4.4) 
in the  plane. Since each point in any given region of the  plane is mapped into the  
plane in this manner, the image region is geometrically congruent to the original one. 

w z w

Generally, the transformation 
)0( ≠+= ABAzw ,                   (8.4.5) 

is called an affine transformation, which is a composition of the transformations 
)0( ≠= AAzZ  and BZw += . 

Example. The mapping 2)1( ++= ziw  transforms the rectangular region shown in the 
 plane of Fig. 8-4 into the rectangular region shown in the  plane there. This is seen by 

writing it as a composition of the transformations 
z w

ziZ )1( +=  and 2+= Zw . 

Since )4/exp(21 πii =+ , the first of these transformations is an expansion by the factor 

2  and a rotation through the angle 4/π . The second is a translation two units to the right. 
 
 
 
 

 

Fig. 8-4 
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and we see from equation (8.4.2) that transformation (8.4.1) expands or contracts the radius vector representing 

[image: image9.wmf]z


 by the factor 

[image: image10.wmf]|


|


A


a


=


 and rotates it through an angle 

[image: image11.wmf]A


arg


=


a


 abount the origin. The image of a given region is, therefore, geometrically similar to that region. In this sence, we call (8.4.1) a similarity. 


The mapping




[image: image12.wmf]B


z


w


+


=


,                        (8.4.3)


where 

[image: image13.wmf]B


 is any complex constant, is a translation by means of the vector representing 

[image: image14.wmf]B


. That is, if we write




[image: image15.wmf]iv


u


w


+


=


, 

[image: image16.wmf]iy


x


z


=


=


, and 

[image: image17.wmf]2


1


ib


b


B


+


=


,


then the image of any point 

[image: image18.wmf])


,


(


y


x


 in the 

[image: image19.wmf]z


 plane is the point




[image: image20.wmf])


,


(


)


,


(


2


1


b


y


b


x


v


u


+


+


=


                  (8.4.4)


in the 
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is called an affine transformation, which is a composition of the transformations




[image: image25.wmf])


0


(


¹


=


A


Az


Z


 and 

[image: image26.wmf]B


Z


w


+


=


.


Example. The mapping 

[image: image27.wmf]2


)


1


(


+


+


=


z


i


w


 transforms the rectangular region shown in the 

[image: image28.wmf]z


 plane of Fig. 8-4 into the rectangular region shown in the 

[image: image29.wmf]w


 plane there. This is seen by writing it as a composition of the transformations




[image: image30.wmf]z


i


Z


)


1


(


+


=


 and 

[image: image31.wmf]2


+


=


Z


w


.


Since 

[image: image32.wmf])


4


/


exp(


2


1


p


i


i


=


+


, the first of these transformations is an expansion by the factor 

[image: image33.wmf]2


 and a rotation through the angle 

[image: image34.wmf]4


/


p


. The second is a translation two units to the right.

[image: image35.png]1+2i

!/

—1+3i

)

BI'

AI

1+3i

AH

-hﬁ







�







Fig. 104







Fig. 8-4











_1151239082.unknown



_1151239328.unknown



_1151239586.unknown



_1151239717.unknown



_1151239922.unknown



_1189928583.unknown



_1189928643.unknown



_1151239936.unknown



_1151239942.unknown



_1151239859.unknown



_1151239876.unknown



_1151239781.unknown



_1151239619.unknown



_1151239353.unknown



_1151239372.unknown



_1151239333.unknown



_1151239230.unknown



_1151239306.unknown



_1151239314.unknown



_1151239242.unknown



_1151239132.unknown



_1151239172.unknown



_1151239103.unknown



_1151239066.unknown



_1151239071.unknown



_1151239038.unknown



_1151239056.unknown



_1151239026.unknown



_1008190958.unknown



