§4.10. Proof of Cauchy Integral Theorem

To complete the proof of the Cauchy integral theorem, we starte with several lemmas. Recall that
a simply connected domain D is a domain such that every simple closed path within it encloses

only points of D. Roughly speaking, a domain is simple connected if and only if it has no
“holes”.
Lemma 4.10.1. Let D be a simple closed domain and [ is analytic in D, then for every

closed polygonal line C c D,
jcf(z)dz =0. (4.10.1)
Proof. Case 1: Let C < D be the boundary OA of a triangle A, see Fig. 4-20.

Fig. 4-20

Put /= U . f (Z)dz‘ . Joining the midpoints of the three sides of A divides the triangle A

into four triangles A;,A,,A; shown as in the figure. Clearly,

JS@dz=] f@dz+]  f@dz+], [@dz+]  [(2)dz.

Thus, the modulus of one of the four integrals is larger than or equal to Z , say

[, /o

Similarly, joining the midpoints of the three sides of A, divides the triangle A, into four

1
>—.
4

triangles in which there is at least one triangle, say A, , with

.[OAZ f(Z)dZ

Continuing this process gives a sequence {A } having the following properties:

. o =

where | OA| denotes the length of the curve OA.

I
ZF and A, C A,.

(n=12,..). (4.10.2)

Zé’An+l - An’| aAn |:

It is clear that the diameter d(A,) of A, goesto 0as n—> . Hence, by the finite covering

theorem in calculus, we see that there exists a point
zoeA,(n=12,.)).

Since f is differentiable at z,, forevery & >0 thereisa & >0 such that

f(2) = f(z)

z-2z,

- f'(zy)| < e(Vz e N°(z,,0)).

Thus,



£ (2) = f(z0) = (22 = 2,)| < €]z = 2,|(Vz € N(2,,6)). (4.10.3)
Since d(A,) = 0(n — o), thereisan n suchthat A < N(z,,0).By (4.10.3), we have

1f(2) = [(z0) = f'(z)(z = 2)| < ]z — 25| < 'i—f'a(vz €OA)). (4.104)

From the fact that jaA 0dz = I zdz =0 and inequalities (4.10.4), we see that
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n

I, f@ = [ @)= f )= f )2
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2n 2n
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- Lo

Thus, by (4.10.2) we get that I <|OA|* & . Since & was arbitrary, we conclude that 7 =0 .

Case 2: Let C be a closed polygonal line. Put P =ins(C), then we can divided P into
a finite number of triangles A,A,,...,A, , as in Fig. 4-21.

9y

It is follows from Case 1 that

| S(2)dz= Z | o, S (@dz=0.

This completes the proof.

Fig. 4-21

A convex domain is a domain D such that for any two points z,,z, € D, the line segment
[z,,z,]={(1—=t)z, + tz, : t €[0,1]}

is contained in D .
Clearly, every neighborhood is convex. And the annulus domain

A(zy, R, R) ={z:R <|z—z,|<R,}
is not convex.
Lemma 4.10.2. Let D be a convex domain and f be analytic in D, then f has a

primitive function in D .
Proof. Fixed a point & € D and define

1
F(z)= j _f(wdw=(z-a) j S(=Da -+,
forall ze€ D. We geta function F : D — C . We shall prove that



F'(z)= f(2),VzeD. (4.10.5)
Let z,z,€ D with z # z,. By Lemma 4.10.1 we know that

j _f(Wdw+ ja F(w)dw+ j _ f(w)dw=0.
Thatis, F(z)—F(z,)= L_zf(w)dw. Thus,

F(z2)=F(z) = (z2=2)f(2) = I;Z[f(w) = f(zp)ldw.

X

a

Fig. 4-22

Since f is continuous at z,, V& >0,30 >0 such that

| f (W)= f(2y) < e(Yw € N(z,,0)).
Hence, forall z € N(z,,0), we have

F@) - F) -G 2)f ) =700 - 7zl
<é¢glz-z, .
This shows that
Fi(zy) = lim £ =G _ pz .
z

Z—)ZO ZO

Therefore, the function F is a primitive function of f* in D . The proof is completed.

The proof the Cauchy Inetgral Theorem. Suppose that f is analytic in R =1ins(C),
where C is a simple closed path. Thus, there is an open set G D R such that f is analytic in

it. Since the set C is a bounded closed set in the plane, we can find a finite number of open disks
D,,D,,...,D, € G such that

(1) Cc| b, =G
k=1
2 CND,ND,,, #¢(k=12,...,n),where D, =D,
as in Fig. 4-23.
Take points z, € C(1D, 1 D,,,(k=12,...,n) in the colockwise direction, as in Fig.

4-23. Then these points divide C into n simple paths C,,C,,...,C, such that the initial and
final points of C, are z, ,,z,, respectively, where z, =z . Since each D, is a convex
domain and f is analytic in it, Lemma 4.10.2 yields that f has a primitive function F, in

D, . 1t follows from Theorem 4.7.1 that

[ r@dz=[ f()dek=12....m).



Fig. 4-23

Hence, from Lemma 4.10.1 we see that
J f@dz=-] f@dz=-3 [ f@dz=-3 [ [(2)dz=0.
since the curve

n
P= sz_lzk
k=1

is a polygonal line contained G . This completes the proof.
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§4.10. Proof of Cauchy Integral Theorem


To complete the proof of the Cauchy integral theorem, we starte with several lemmas. Recall that a simply connected domain 
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Proof. Case 1: Let 
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Thus, the modulus of one of the four integrals is larger than or equal to 
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Similarly, joining the midpoints of the three sides of 

[image: image18.wmf]1


D


 divides the triangle 

[image: image19.wmf]1


D


 into four triangles in which there is at least one triangle, say 

[image: image20.wmf]2


D


, with 




[image: image21.wmf]2


4


)


(


2


I


dz


z


f


³


ò


D


¶


 and 

[image: image22.wmf]Ì


D


2




 EMBED Equation.3  [image: image23.wmf]1


D


.


Continuing this process gives a sequence 
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where 
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Since 
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From the fact that 
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Thus, by (4.10.2) we get that 
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[image: image50.wmf]C


 be a closed polygonal line. Put 

[image: image51.wmf]ins(C)


=


P


, then we can divided 

[image: image52.wmf]P


 into a finite number of triangles 

[image: image53.wmf]n


D


D


D


,


,


,


2


1


K


, as in Fig. 4-21. 


It is follows from Case 1 that 




[image: image54.wmf]å


ò


ò


=


D


¶


=


n


k


C


k


dz


z


f


dz


z


f


1


)


(


)


(


=0.


This completes the proof.
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A convex domain is a domain 
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is contained in 
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is not convex.


Lemma 4.10.2. Let 
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Let 
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